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Two simple ﬁrst order equations are derived, and studied from various points of view, describing 
the motion of axially symmetric membranes sweeping out time-like zero-mean-curvature manifolds in 
4-dimensional Minkowski-space.
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(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.Despite of minimal 3-manifolds having been investigated for 
more than a century [1–4] almost nothing is known concerning 
explicit examples in R3,1 (cp. [6,7,11]), apart from the trivial cone 
[3] and a few algebraic solutions (see [6]) as well as certain melt-
ing ice-blocks, respectively scalactites, described in terms of elliptic 
functions [5]. Here, the main focus will be on two parametric 
ﬁrst-order equations governing the motion of axially symmetric 
membranes, i.e. minimal foliations of (part of) R3,1 possessing a 
u(1) symmetry. The existence of transformations (between solu-
tions) similar to those of Bäcklund and Bianchi [8] (for surfaces of 
constant negative curvature) resp. Thybault (for mininal surfaces 
[9]) in R3 is conjectured.
1. Orthonormal gauge description of M-branes
As is well known, stationary points of the world volume
Vol(M) :=
∫ √
GdMϕdϕ0 (1)
where G = | det ∂αxμ∂βxνημν = Gαβ |, resp. (M + 1)-dimensional
manifolds in R1,M+1 described parametrically by M + 2 coordinate 
functions xμ(ϕ0ϕ1 . . . ϕM), μ = 0, . . . , M + 1, satisfying
xμ := 1√
G
∂α
√
GGαβ∂βx
μ = 0 (2)
will have vanishing mean curvature
H := ημνGαβNν∂2αβxμ (3)
(as can easily be seen, multiplying (2) by the, up to orientation 
unique, vector N normal to M; that the converse, (3) implying (2), 
is also true follows from the fact that, for any embedding xμ , (2)
is automatically normal, i.e. has vanishing scalar product with the 
tangent vectors ∂γ xμ , γ = 0, 1, . . . , M).
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SCOAP3.Choosing ϕ0 = x0(=: t), the time of a Lorentz-observer see-
ing an M-dimensional extended object 
∑
M(t) (parametrically de-
scribed by x(t, ϕ1, . . . , ϕM) “sweeping out” M), and the ϕa=1...M
such that the motion of 
∑
M(t) is purely normal, i.e.
˙x∂ax = 0, a = 1, . . . ,M, (4)
the μ = 0 part of (2) says that the ratio of the determinant of the 
metric gab induced from RM+1 on 
∑
M and G00 = 1 − ˙x2 has to be 
time-independent,√
g
1− ˙x2 = ρ
(
ϕ1 . . . ϕM
)
, (5)
while the remaining second order equations,
¨x = 1
ρ
∂a
ggab
ρ
∂bx (6)
actually follow from (4) and (5), as long as the velocity ˙x and the 
tangent vectors ∂ax, a = 1, . . . , M , are linear independent.
2. Axially symmetric membranes in R1,3 and their Hamiltonian 
formulation
For x of the form
x(t,ϕ1ϕ2)=
⎛⎝ r(t,ϕ1) cosϕ2r(t,ϕ1) sinϕ2
z(t,ϕ1)
⎞⎠ (7)
one therefore (cp. (4)/(5)) only has to solve
r˙r′ + z˙z′ = 0 (8)
r˙2 + z˙2 + r2 r
′ 2 + z′ 2
ρ2
= 1, (9)
implying (cp. (6)) that (ρ = 1)under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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r¨ = r′′r2 + rr′ 2 − rz′ 2. (11)
Due to 
√
g and ˙x2 (hence ρ , cp. (5)) being independent of ϕ2, 
one can absorb ρ in (9) by a suitable reparametrization ϕ1 → u, 
1
ρ
∂
∂ϕ1
= 1
λ
∂
∂u , and rescaling t and x in order to get rid of the con-
stant λ := ∫ ρdϕ that one may want to have = 1 in order to ﬁx 
the range of u (e.g. for toroidal membranes to be [0, 2π ]). Hence, 
unless stated otherwise, we will put ρ = 1 from now on.
A Hamiltonian formulation of (8)/(9) is given by
H =
∫ √
p2r + p2z + r2
(
r′ 2 + z′ 2)dϕ (12)
φ := r′pr + z′pz = 0, (13)
as can be shown by ﬁrst noting the reparametrization invariance 
of H , resp. φ˙ = 0, and then noting that for φ = 0 the Hamiltonian 
density will actually be time-independent,
H=
√
p2r + p2z + r2
(
r′ 2 + z′ 2)=: ρ(ϕ). (14)
Expressing (14) in terms of
r˙ = prH , z˙ =
pz
H (15)
reproduces (9), while φ = 0 gives (8).
3. Evolution of geometric quantities and singularity formation
Already long ago [5] evolution equations for the ﬁrst and sec-
ond fundamental form of 
∑
M(t),
gab = ∂ax∂bx, hab = n∂2abx (16)
were found to be
g˙ab = −2vhab, h˙ab = −vhac gceheb + ∇a∇bv (17)
(easily following from ˙x = vn, and implying v˙ = (1 − v2)gabhab).
For axially symmetric surfaces, cp. (7), with
n = 1√
r′ 2 + z′ 2
( z′ cosϕ2
z′ sinϕ2
−r′
)
= −∂1x× ∂2x√
g
, (18)
gab =
(
r′ 2 + z′ 2 0
0 r2
)
and
hab = 1√
r′ 2 + z′ 2
(
r′′z′ − r′z′′ 0
0 −rz′
)
(19)
are both diagonal, so that (17) reduces to
g˙1 = −2vh1, h˙1 = −v h
2
1
g1
+ ∇1∇1v
g˙2 = −2vh2, h˙2 = −v h
2
2
g2
+ ∇2∇2v (20)
(Note that ∇1∇2v = ∂212v − γ a12∂av ≡ 0, while ∇2∇2v =
−γ 122v ′ = 0).
The Ansatz
r = tˆβR(u/tˆγ ), z = −tˆ + tˆα Z(u/tˆγ ) (21)
for self-similar solutions of (8)/(9) when tˆ := t0 − t ↘ 0, i.e. near 
the time t0 of singularity formation gives
Z ′ +R′(γ sR′ − βR)= 0 (22)(
γ sR′ − βR)2 + 2(γ sZ ′ − αZ)= 0 (23)for β = α+12 > 1 and γ < 1; hence, implying the linear equation
γ 2s2R′′ + γ (γ − α)sR′ + β(α − β)R= 0, (24)
resp.
R(s := u/tˆγ )= μs− + νs+
Z(s) = 1
2
μ
(
μs2− + α + 1
2α
νs++−
)
(25)
where ± := α±12γ .
As
r′ = ϕ α−12γ −1{tˆμ− + ν+ϕ1/γ }+ · · ·
z′ = μϕ α−1γ −1{tˆμ− + ν+ϕ1/γ }+ · · · (26)
should be regular for tˆ > 0 one concludes that
γ = 1
2n
, α = n + 1
n
, n = 1,2, . . . , (27)
in agreement with [10].
4. Trigonometric formulation
Noting that (8)/(9) may be written as(
r˙ + rr′)2 + (z˙ ± rz′)2 = 1 (28)
it is tempting to introduce θ±(t, u) ∈ [0, π ] via
c± := cos θ± := r˙ ± rr′
s± := sin θ± =
√
1− (r˙ ± rr′)2 = ∓(z˙ ± rz′), (29)
the signs and convention chosen such that for shrinking convex 
surfaces
r˙ = vz
′
√
z′ 2 + r′ 2 < 0,
z˙ = − vr
′
√
z′ 2 + r′ 2
(
< 0 on the upper part
> 0 on the lower part
)
(30)
where v = √r˙2 + z˙2 =√1− r2(r′ 2 + z′ 2) ≥ 0.
Expressing the derivatives of r and z (cp. (29)) as
−2z′ = 1
r
(s+ + s−), 2r˙ = c+ + c−
−2r˙ = (s+ − s−), 2r′ = 1
r
(c+ − c−) (31)
the integrability conditions give
(s+ + s−)· = r(s+ + s−)′ + r˙
r
(s+ + s−)
(c+ + c−)· = r(c+ + c−)′ + r˙
r
(c+ − c−), (32)
implying
(θ+ − θ−)· = r(θ+ + θ−)′ (33)
r˙
r
= (θ
′+θ˙− + θ ′−θ˙+) sin(θ+ + θ−)
(θ ′+ + θ ′−)(1− cos(θ+ + θ−)
. (34)
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Applying the hodograph transformation (interchanging inde-
pendent and dependent variables)
t,ϕ → r, z
to the equations of motion
r˙ = −
√
1
r′ 2 + z′ 2 − r
2z′
z˙ = +
√
1
r′ 2 + z′ 2 − r
2r′ (35)
(note the time reversal, cp. (30); resp. changing n, cp. (18), now 
taken to be + 1√g (∂1x× ∂2x), having outward orientation)
one obtains
ϕz = −
√
2
t2r + t2z
− r2 tr = γ rtr
ϕr = +
√
2
t2r + t2z
− r2 tz = −γ rtz (36)
where  = trϕz − ϕrtz = −
√
2
(∇t)2 − r2(t2r + t2z ) = −γ r(∇t)2, if us-
ing (36), and implying
2 = r
2(∇t)4
(∇t)2 − 1 , γ
2 = 1
(∇t)2 − 1 , (37)
is the inverse of the determinant of r˙z′ − z˙r′ (= v√r′ 2 + z′ 2, if 
using (30)):(
r˙ r′
z˙ z′
)
=
(
tr tz
ϕr ϕz
)−1
= 1

(
ϕz −tz
−ϕr tr
)
. (38)
The integrability condition for (36) (i.e. cross differentiation) yields
∇(γ r ∇t) := γr(γ rtr) + ∂z(γ rtz) = 0, (39)
which is the symmetry reduction t(x = (x1, x2, x3)) → t(r, z), 
γ [x] → γ [r, t], of a hydrodynamic formulation found many years 
ago [12–14] for extremal hypersurfaces in terms of the time t at 
which the hypersurface x(t, ϕ1 · · ·ϕM=2) passes a point x in space 
R
M+1=3, namely
∇(γ ∇t) → 1
r
∇(rγ ∇t) = 0. (40)
It was already indicated in [13] that with
γ = 1√
( ∇t)2 − 1
(40) is equivalent to the commutativity of 2 vector ﬁelds, as the 
identity
[L0, Li] + 12i jk[L j, Lk] =
−∇2t
( ∇t)2 Li (41)
for
L0 :=
∇t
( ∇t)2 ·
∇, L = ∇t
( ∇)2 ×
∇ (42)
can be used to prove that in the axially symmetric case, with[
L3 ∼ tr
r(t2r + t2z )
∂ϕ2 , γ =
1√
t2r + t2z − 1
]
= 0, (43)[
L̂ := γ −1(L1 + iL2), L0 + iL3
]= −F [r, z]̂L (44)
F =
√
( ∇t)2 − 1
( ∇t)2
1
r
· ∇
(
r ∇t√
( ∇t)2 − 1
)
, (45)
for surfaces moving with a velocity v = 1|∇t| < 1, vanishes if and 
only if the ‘hydrodynamic’ equation of motion, (39), holds. Trans-
forming (44) back to the original coordinates t, ϕ1, ϕ2, one ﬁnds 
that for ˙x = vn = v
L0 =
∇t
( ∇t)2 ·
∇=ˆ ∂
∂t
=: L̂0 (46)
γ −1Li=ˆ{·, xi} := (∂ϕ2xi)∂1 − (∂ϕ1xi)∂2 := γ −1̂Li . (47)
Hence
E
[
t,ϕ := ϕ1] := F [r(t,ϕ), z(t,ϕ)]
vanishing (assuming normal surface motions) iff
L˙ = [L,M] (48)
where
L = {·, reiϕ2}=ˆγ −1(L1 + iL2)
M = iγ {·, z}=ˆiL3. (49)
A corresponding statement actually holds for arbitrary γ .
Although the above can be written in terms of divergence free 
vector ﬁelds, i.e. (via the relation with Poisson brackets) functions
of ϕ1 and ϕ2,
L˙= {L,M} := ∂1L∂2M− ∂2L∂1M
L= reiϕ2 , M= i
ϕ1∫
γ z′dϕ, (50)
one does not get any nontrivial conserved quantities, as
TrLn>1 =
∫
rn
(
ϕ1
)
einϕ2dϕ1dϕ2 ≡ 0. (51)
Note that applying the three-dimensional hodograph transforma-
tion x1x2x3 → ϕ0 = t, ϕ1, ϕ2 to general (not necessarily normal, or 
axially symmetric) surface motion, (42) becomes
L̂0 = ∂t − gab(˙x∂ax)∂b
̂L = n · ˙x√
g
{ , x} (52)
due to
∇ = ( ∇t)∂t +
( ∇ϕ1)∂ϕ1 + ( ∇ϕ2)∂ϕ2 (53)
∇t = n
(˙xn) ,
( ∇ϕ1)= (∂2x× ˙x) 1√
g(˙xn)( ∇ϕ2)= (∂1x× ˙x) 1√
g(˙xn) . (54)
Amazingly it also holds that, for arbitrary γ := ˙xn√g
γ˙ + t
2
γ ≡ 0. (55)(∇t)
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duces to
L̂0 = ∂t − r˙r
′ + z˙z′
r′ 2 + z′ 2 ∂1
L̂3 = Ĵ
r(r′ 2 + z′ 2) {·, z}
L̂1 + îL2 = Ĵ
r(r′ 2 + z′ 2)
{·, reiϕ2} (56)
where Ĵ := −r˙z′ + r′ z˙, and (55) may be veriﬁed using that for 
t, ϕ → r, t (cp. (38)), J = r˙z′ − r′ z˙ = − Ĵ ,
tr = z
′
J
, tz = − r
′
J
, ϕr = − z˙
J
, ϕz = r˙
J
∂r = tr∂t + ϕr∂ϕ, ∂z = tz∂t + ϕz∂ϕ, (57)
so that
t = trr + 1
r
tr + tzz
= 1
r
∇(r ∇t) = 1
r
∂r(rtr) + ∂ztz (58)
can straightforwardly be written in terms of r(t, ϕ) and z(t, ϕ). 
Note that apart from (55) there are also purely kinematical identi-
ties,(
z′∂t − z˙∂ϕ
) r˙
J
= (r′∂t − r˙∂ϕ) z˙
J
−r′
(
z′
J
)·
+ r˙
(
z′
J
)′
= −z′
(
r′
J
)·
+ z˙
(
r′
J
)′
, (59)
following from (57).
On the other hand, restricting (52) to normal (but not necessar-
ily axially symmetric) motions one gets (cp. (41))[
∂t, γ {·, xi}
]+ 1
2
i jk
[
γ {·, x j}, γ {·, xk}
]
= γ˙ {·, xi} + γ {·, x˙i}
+ 1
2
i jkγ
2[{·, x j}, {·, xk}]+ i jkγ {·, x j}[γ , {·, xk}]
= − t
(∇t)2 γ {·, xi}, (60)
due to x˙i = 12i jkγ {x j, xk}, and (55).
6. Some explicit solutions
To explicitly ﬁnd orthonormal parametrizations of the known 
[6] non-parametric solutions
(t + z)2(r2 + t2 − z2)= c2 (61)
is quite non-trivial, even for the elementary case of (c = 0; t =
±√z2 − r2, γ rtr ∼ −r, γ rtz ∼ z, trivially satisfying (39))
moving hyperboloids
z = t coshu(ϕ, t), r = t sinhu(ϕ, t). (62)
One can either use (8) to obtain
u˙ = − tanh2u
t
(63)
i.e.
sinh2u = h(ϕ)
2
(64)
tand then (9) to yield h(ϕ) = √8ϕ , or substitute
z = ta f (w), r = ta g(w), w = bϕtc (65)
into (8)/(9), obtaining a = 1, c = −2, and
f ′
(
f − 2wf ′)2 + g′(g − 2wg′)= 0(
f − 2wf ′)2 + (g − 2wg′)2 + b2g2( f ′ 2 + g′ 2)= 1. (66)
While the ﬁrst method gives
z = t
2
(√√
w2 + 1+ w + 1√
w + √w2 + 1
)
r = t
2
(√
w +
√
w2 + 1+ 1√
w + √w2 + 1
)
, (67)
where w = √8ϕ/t2, (66), with f 2 − g2 = 1, yields (equivalently)
z(t,ϕ) = ±
√√
t4 + 8ϕ2 + t2
2
r(t,ϕ) =
√√
t4 + 8ϕ2 − t2
2
. (68)
Note the parameter singularity at ϕ = 0, where v2 = r˙2 + z˙2 =
t2√
t4+8ϕ2 = 1 and 
√
g = r√r′ 2 + z′ 2 = 0, which for t = 0 is a real 
singularity of the surface (the tip of the cone x2 + y2 − z2 = 0).
Instead of explicitly parametrizing (61) in an analogous way, 
note that
r(t, z) =
√
c2
(t + z)2 + z
2 − t2 (69)
satisﬁes
r¨
(
1+ r′ 2)− r′′(1− r˙2)
−2r˙r′r˙′ + (1− r˙
2 + r′ 2)
r
= 0, (70)
which is the second order equation following from
S[z] = −
∫ √
1− z˙2 + z′ 2rdrdt
= −
∫ √
1− r˙2 + r′ 2rdzdt = S[r]. (71)
Of interest are also the light-cone-versions, r(t, z) = s(τ = t+z2 ,
ζ = t − z), satisfying
s¨s′ 2 + s′′ s˙2 − 2s˙s′ s˙′ + 1
s
(
1+ 2ss˙′ − 2s˙s′)= 0, (72)
which follows from − ∫ √1− 2s˙s′sdτdζ , resp., the Hamiltonian 
H[π, s] = 12
∫
( πs′ + s
2s′
π )dζ . As (69) is of the form
1
2
s2 = A(τ )ζ + B(τ ), (73)
it is interesting to insert this Ansatz into (72), which yields the 
non-linear ODE
A A¨ = 2( A˙2 − 1) (74)
together with a linear ODE determining then B ,
A2 B¨ = 2B˙(A A˙ + 2A) − 2B(1+ 2 A˙), (75)
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τ 2
. As 
the transformation D := 1A brings (74) to the form
D¨ = 2D3, (76)
which integrates to
D˙2 = D4 + δ, (77)
one sees that there is a large class of solution, in terms of elliptic 
functions, parametrized by δ.
Note that due to (72) being invariant under ζ → ζ + constant, 
one solution of (75) is B = (const) · A, and the other one (reducing 
the order of (75), via B = A · E) is given as A times a solution of 
AE¨ = 4E˙ , i.e.
B = A ·
∫
e
∫ 4
A . (78)
7. Parametric light-cone description
The perhaps simplest description of axially symmetric mem-
branes in R1,3 one obtains when inserting the Ansatz
x = R˜(τ ,ϕ1) cosϕ2
y = R˜(τ ,ϕ1) sinϕ2 (79)
into the equations of motion following from (cp. [4])
H = 1
2η
∫ ( p2x + p2y
ρ2
+
(
ab
ρ
∂ax∂b y
)2)
ρdϕ1dϕ2,
obtaining (again absorbing the time-independent density ρ via a 
particular choice of ϕ1(=: ϕ) and the constant η by rescaling the 
light cone-time τ )
R¨ = R(RR ′)′. (80)
This PDE is the compatibility condition for
ζ˙ = R˙
2 + R2R ′ 2
2
, ζ ′ = R˙ R ′ (81)
where ζ = t − z, satisfying
ζ¨ = (R2ζ ′)′, (82)
just as
¨x = (R2x′)′ + R2∂2
ϕ2
x, (83)
is needed for the reconstruction of the hypersurface in R1,3.
Let us do so for solutions of (80) of the form R(τ , ϕ) =
F (τ )G(ϕ), where (cp. (80)),
1
2
( F˙ )2 − c
4
F 4 = E (84)
G2 = cϕ2 + dϕ + c. (85)From ζ ′ = F F˙ GG ′ , one deduces that
ζ = F F˙ 1
2
G2 + H(τ ), (86)
and
2ζ − (ce − d2/4)∫ F 4 = F˙
F
(
x2 + y2). (87)
This “deparametrization”, implying
1
2
(
r2 = x2 + y2 = s2)= F
F˙
(
ζ − γ
∫
F 4
)
, (88)
corresponds to (73).
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